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Buckling and Postbuckling of Delaminated Composite
Sandwich Beams

Chyanbin Hwu* and Jian Shiun Hut
National Cheng Kung University, Tainan, Taiwan 70101, Republic of China

Consider a sandwich plate with balanced or unbalanced anisotropic composite laminated faces and an ideally
orthotropic honeycomb core. The paper presents elastic buckling and postbuckling analysis of an axially loaded
plate with an across-the-width delamination symmetrically located at the interface of the upper face and core.
Since the plate undergoes cylindrical bending deformations on the postbuckling states for the cases considered,
only one-dimensional formulations are employed. The transverse deflection and bending moment of the
postbuckling solutions are obtained by applying the one-dimensional formulations. The explicit closed-form
expressions of the critical buckling load and energy release rate are derived based on this postbuckling solution.
Because there is no such general solution presented in the literature, verification is done by some special cases
such as delaminated composites (without core), perfect sandwiches (without delamination), and thin-film
delaminations. The effects of core, face, and delamination length on the buckling load, the delamination
growth, and the ultimate axial load capacity of the delaminated composite sandwiches are also discussed in this

paper.

Nomenclature

=1/(An)ii = 1,2,3

= extensional stiffness of laminated composite

= half-length of delamination

= Bu/Anii =1,2,3

= coupling stiffness of laminated composite

= core thickness of sandwich

= (D” - Blzl/All)i,i = 1,2,3

= bending stiffness of laminated composite

= Young’s modulus in z direction

= face thickness when two faces are of equal
thickness

= thicknesses of upper and lower faces

= energy release rate

= transverse shear moduli in x-z and y-z planes

= critical energy release rate

= half-length of composite sandwich

= bending moment of region /, i = 1,2,3

= resultant moments

= resultant forces

= number of layers including upper and lower
faces, Eq. (6)

= compressive axial force applied at the ends

= buckling load of composite sandwich

= buckling load of composite laminate

= compressive axial forces of region i,/ = 1,2,3

" = P; at critical buckling load

= transformed reduced in-plane stiffness of a
single layer

= resultant transverse shear forces

= ¢G,,, transverse shear stiffness

= strain energy

= displacements in x, y, and z directions

= displacements of region i

= displacements of the plane z =0

<

SISIICTC RIS

<

m

5
9
N

~oQo> ™

X
<

u,v,w
Up vy Wi
Ug, Vo, Wo

Received July 8, 1991; revision received Nov. 22, 1991; accepted for
publication Nov. 22, 1991. Copyright © 1992 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

* Associate Professor, Institute of Aeronautics and Astronautics.

tGraduate Research Assistant, Institute of Aeronautics and
Astronautics.

1901

w = external work

X, V2 = Cartesian coordinates

2k = z value of the bottom of kth layer

r = amplitude of deflection

Y Yxz Yyz = shear strains in x-y, x-z, and y-z planes
€ €y E; = normal strains in x, y, and z directions

= normal strains of the plane z =0
= orientation of fiber measured
counterclockwise from x axis

€xgs€y o€z

Kx sKys Kxy = curvatures

i =[P;/D;)", i =23

N = \; at critical buckling load

N = (P/(Di[1 — (P\/S)]D”

II = total potential energy

Oy, Oy, O = normal stresses in x, y, and z directions

Osys Oz Oz = shear stresses in x-y, x-z, and y-z planes

1. Introduction

ANDWICH construction has been used in aeronautical

applications for more than 40 years, since it has many
advantages, for example, high bending stiffness, good weight
savings, good surface finish, good fatigue properties, good
thermal and acoustical insulation, etc.! Today, there is a re-
newed interest in using sandwich structures due to the intro-
duction of new materials such as laminated composites for the
faces of sandwich panels, which offer a long awaited capabil-
ity with both high stiffness and low specific weight. Similarly,
new materials for the core are now available, such as non-
metallic honeycombs and plastic foams. However, these new
materials also induce some new problems that need to be
solved. One of the most frequently encountered problems in
composite laminates is interface cracking, sometimes known
as delamination. For composite sandwiches, there is an extra
interface between the face and core that may be weaker than
those in layered composite faces. Delaminations may occur
due to a variety of reasons such as low energy impact, manu-
facturing defects, or high stress concentrations at geometric or
material discontinuities (e.g., the well-known free-edge ef-
fects). The presence of delaminations is of major concern,
especially in compressively loaded components where delami-
nations may grow under fatigue loading by out-of-plane dis-
tortion.
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Buckling and postbuckling analysis for a delaminated com-
posite has been studied by several researchers.?? Although
there are some papers dealing with the buckling problems of
composite sandwiches,*# to the authors’ knowledge, none of
them consider delamination. In the present analysis, similar to
the approach of Chai et al.? and Yin et al.,> we develop a
one-dimensional mathematical model for the delaminated
composite sandwiches. General expressions of the postbuck-
ling solution, as well as the algebraic equation governing the
amplitude of deflection, are obtained in this paper. A charac-
teristic equation for the critical buckling load is then derived
by considering the stage immediately after the buckling of the
delaminated sandwich. The energy release rate is obtained
explicitly by differentiating the potential energy of the delam-
inated sandwich with respect to the length of delamination.
The stability of delamination growth and the ultimate axial
load capacity of the sandwiches are discussed based on this
result. Some special cases like delaminated composites (with-
out core), perfect sandwiches (without delamination), and
thin-film delaminations can also be reduced from the present
solution, which are verified by the solutions given in the
literature.!»3?

II. Formulations of Sandwich Plates

Consider a sandwich plate with balanced or unbalanced
anisotropic composite laminated faces and an ideally or-
thotropic honeycomb core. To simplify the analysis, the fol-
lowing assumptions are usually made for sandwiches.!? 1) The
faces are relatively thinner than the depth of the core. 2) The
transverse shear deformation may be considered in the faces.
However, the contribution of the transverse shear forces by
the faces may be neglected as compared with those contributed
by the core. Hence, we may say that the faces carry loads in
their own planes only. 3) The core has direct stiffness normal
to the faces and shear stiffness in planes normal to the faces,
but no other stiffness. 4) The face-to-core bond insures that
any displacement in the core adjacent to the faces is repro-
duced exactly in faces, and vice versa. According to these
assumptions, the faces take almost all of the in-plane loadings
and bending moments, whereas the core undergoes only trans-
verse shear and normal forces. Thus, the stress-strain relations
for the orthotropic core are

Oy =0,=Tyn =0, o,=Ee,

Tee = GeVies Tye = Gor¥ie (1a)
where E,, G,;, and G,,, are, respectively, the Young’s mod-
ulus in the z direction and the transverse shear moduli in x-z
and y-z planes. If the honeycomb cellular core is considered,
G, Gy, and E, should be interpreted into the effective mod-
uli that are obtained by treating honeycomb as a homogeneous
orthotropic continuum and can be related to the geometry and
actual material properties of the core.!! Lacking three of the
stress components, the strain-displacement equation and the
equilibrium equation can be expressed as

€ = 9z’ Yyz = ay oz’ VYxz = ax | 9z

07y, 07y, dry, 071, do,

——:Os ——:0, +—+—=0 1
0z 0z ax dy az (19)

By Eq. (I¢) it follows that 7,, and 7, are functions of x and y

only and that
aT a7
%=—ZQ§+;§+%0

where o, is the value of o, at 2 = 0 and is thus a function of
x and y only. By substituting the stresses for the strains in Eq.

(1a) and integrating Eq. (1b), the following relations for the
displacements are obtained:

z’ 9 Yz a7yz> z2 doz,
=2 26,26 ~ L
"= SE, ax< “ox ey ) T2E, ax

23 9 Yz a'sz) z2 9oz,
-G, 240 -2 T 2
Y 6Ez,6y< “ax | %8y ) T 2E, oy @2)
8w0
+ 2\ Yz —E + v
—z2 9 Y a'sz) 920
= —\G +G—— ) +z +
¥ 2E, 8x< * ox 9y g M

where uy, vy, and w; are the displacements of the plane z =0,
and oz, 7y, and vy, are functions of x and y only. The
transverse normal stiffness E; of the core is assumed to be
infinitely large because the transverse normal strains are usu-
ally negligible for sandwiches having honeycomb cores.!
Based on this assumption and Eq. (2a), the core displacements
can be expressed as*

6w0
U=u+2z Yxe T o

d Wy

V=V + Z('sz - -a—-'y'> (2b)

W = W
which is the model usually given by the shear deformation
plate theory.!%:13
Since the delamination buckling and postbuckling are the
main concern in this paper, a consideration of finite deforma-
tion should be included. If the deformations are considered as
functions of x, ¥, and z (the position of points in the un-

strained configuration), the Lagrangian strains'* ,, ¢,, and
vxy can be evaluated with the aid of Eq. (2b) as

du 1/ow\?
€x=gx+£ a = €xp T Ky

v 1/aw\?
ey=6_y+56_y =€y, + 2Ky 3)

—ay dax

_%Mg@my
o= ox T2\ ax
vy 1 aw0>2
=— 4+ | — 4
0= 5y 2<ay (42)
_Oup v
Yoo =5 Ty T ax oy

_2 _m)
Kx*ax Yz ax

a3 aw,
) “w

-2 Mo, 2 Iy
Kxy = 3y Vxz ax ax Vyz 3y

aw dw
P 257 + ZKyy

Yoy Ix oy

where

awo dwy
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Since the faces are firmly bonded to the core, the displace-
ments in the core adjacent to the faces are reproduced exactly
in the faces. That is, the displacements of the faces adjacent to
the core can be obtained by substituting z = + ¢/2 into Eq.
(2b), where + and — are for lower and upper faces, respec-
tively. Therefore, it is natural for us to assume that the dis-
placements of the faces have the same form as those of the
core described in Eq. (2b). By this face displacement represen-
tation, the requirement of displacement continuity across the
interface of face and core!’ will then be satisfied automati-
cally. It should be noted that the plane of z = 0 for the face
displacements is still the midplane of the core, not the mid-
plane of the face. Moreover, the transverse shear deforma-
tions are also included in this expression even though the
transverse shear forces may be neglected as compared with
those contributed by the core since the thicknesses of the faces
are considered to be relatively thinner than the depth of the
core.

With the same form as the core displacements given in Eq.
(2b), the resultant forces and moments contributed by the
faces can then be defined by the way similar to the classical
lamination theory'¢ as

o T
Ny (An A Ay By B Big | | &,
N, App A Ax B By By €y,
ny - A Ax Ae Bis By Be Yxygo )
M, B, By By Dy Dy Dy Ky
M, By By By D Dy Dy Ky
(M ) _Blé By Bss Dis D Des| | Ky |
where
Ay = kZ_: Qi) @k — 2x-1)
1 n
B; = 3 Qi@ —zF_) )]
k=1
1 n
D, = 3, Z_: Q@i —z_1)

Unlike the classical lamination theory in which A;;, B;;, and
Dj; are calculated based on the coordinate where z = 0 is the
middle surface of the laminate, here the plane z = 0 is located
on the midsurface of the core. Hence, the usual conclusions
that B;; = 0 for symmetric laminates and that A, = Ays = Dis
= Dy =0 for antisymmetric laminates may not be valid in
each face but may be valid when the overall sandwich is
symmetric or antisymmetric.
The shear forces contributed by the core are

{Qx} _ C{ze'sz} )
O Gy Yy

As we have said previously, the transverse shear forces con-
tributed by the faces are negligible as compared with those
contributed by the core. The expression shown in Eq. (7) may
represent the total transverse shear force of the sandwich
plates.

The equilibrium equations for the buckled plate expressed
by the resultant forces are!!

N, N,
—2 X9
ox ay
ox dy
a0, 90, FPw Fw F*w
—= L Ne——+2Ny—— +N,—=0
ax dy ax? Yoaxdy 7 ay?

aM, oM,
2
o % O
M, oM,
Pl 8
dx )y < ®

By using Egs. (4-7), the five equilibrium equations for the
buckled sandwich plate given in Eq. (8) can be written in terms
of five unknowns, uo, Vo, Wy, ¥xz; and v,,. For one-dimen-
sional problems, the five equations can be further reduced to
three equations that are

dN,
=0
o (%a)
d?w dy
N, s cG,, d;“ =0 (9b)

d|duy 1/dw)\? @ dwy |
Blla[a}(‘) + 5<a) :I + Dll&?(')’xz - '&;) = Gy Yx, (9¢)

where

duy,  1/dw\? d dw
H(=2) | +Bio( e = o d
N; = An[] +2<]>]+ 11]<'sz 1) (9d)

Equation (9a) reveals that N, is a constant throughout the
plate and is equal to the compressive axial load P applied at
the ends, i.e.,

N,=-P 10)
From Eqgs. (9b) and (9d), we have
dvee _ P dw
dx S dx?

dug P _1(aw\? Buf| )dz
dr = A, 2\dx/ Ay S/ dx?
where S = ¢G,; represents transverse shear stiffness. Substi-
tuting Eq. (11) into Eq. (9¢), we obtain the governing equation

for buckled sandwich beam, which is expressed by only one
parameter w,

an

d2
o +NMw=cx + 0 (12a)

where

P
2= 12b
N = D= BA/A - P/S) (126)

and ¢; and c; are integration constants that will be determined
by the boundary conditions.

III. Delamination Buckling and Postbuckling

We now consider a sandwich plate containing an interface
crack (delamination) lying between the upper face and core.
The plate has a constant width between two lateral edges and
is subjected to compressive axial loads P at the clamped ends
x = = /. Asshownin Fig. 1, the crack extends over an interval
—a < x < g and runs across the whole width of the plate. The
delaminated sandwich starts to buckle when the axial load
reaches a critical value. If appropriate boundary conditions
are maintained along the lateral edges, the plate undergoes
cylindrical bending deformation in the postbuckling state.
Hence, the one-dimensional formulations presented in Egs.
(9-12) can be employed. To analyze the delaminated sand-
wich, the entire plate is separated into three regions as shown
in Fig. 1, and each region is considered as a sandwich beam
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Fig. 1 Delaminated composite sandwich.

(region 1 and 2) or laminated beam (region 3). The governing
equation, Eq. (12), is now employed for these three regions.
The term containing § vanishes for regions 2 and 3 since
7yz = 0 (or v,, = 0) along the crack surfaces provided that the
crack remains completely open. By using the symmetry condi-
tion with respect to the midpoint, the clamped boundary con-
ditions at the two ends, and the continuity of deflection and
slope at the crack tip, one may obtain the following expres-
sions for the transverse deflection in each region:

wi =Tl —-cos M\l —x)], a=<x=<]I
Ay sin A\ —
wy=T 1—512—,1(—‘2 (cos A\yx — cos \a)
A, sin Aa

+1—cos)\](l—a)], Osx=a (13a)

Wy = F[ A sin M( — @)

Ax — A
N 5in Ma (cos A3x — cos \3a)

+ 1 — cos )\l(l—a)}, Osx=a

where

P P
M= N=2 (13b)

P,
N * T by D
2 3

L= D1 - P/SY

Note that in Eq. (13b) the simplified notations

5 me () 2 (o0 2)
A,—=“‘—, B,:(— s Di= Dy ——
(A An/i A/

i=123 (13¢)

have been used and the subscripts i, i = 1,2,3, denote the
region number. The P; ( = 1,2,3) is the compressive force of
region i, and T represents the amplitude of deflection; P, = P
is given if the applied axial force is known. The three un-
knowns, P,, P;, and I', will be determined later on. The
coordinate system used here is chosen with x measured from
the central line of delamination and z = 0 laid on the middle
plane of the core.

To determine P,, P;, and I', we consider the equilibrium of
forces and moments at the crack tip x = ¢ and the compatibil-
ity of regions 2 and 3, which are

Pl=P2+P3

Ml -_—M2+M3 (143)

o)l

where

1 dZWi .
M; = — ,~<B,'+')—\—2_3>, i=1,2,3
(14b)

11/ dw;\? dw;
= — APx = Ay + (B — ), =23
“ ?-So(dx) ( Z)dx l

In the previous text, the first equation of Eq. (14b) is derived
by using the first equations of Eq. (4a) and Eq. (4b), the
fourth equation of Eq. (5), and Eq. (11), whereas the second
equation of Eq. (14b) comes from the first equation of Eq.
(2b) and the second equation of Eq. (11). Substituting Egs.
(13a) and (14b) into (14a), we obtain

1 1 1 1
2 - - +
v <sin2 Na sin? M@ Natan M@ Asa tan )\3a>

+2v(By — By)/a + APy — (A, + A3)P3; =0

(15a)
v = Y2 [(By — B)P; + (Bys — By)Ps]
< P P, — Py P; >-'
X + +
A tan M —a) Ay tan Ma  A; tan \s@
where
vy = YT\ sin (I — a) (15b)

For any given applied axial force P( = P;) that exceeds the
critical buckling load, the system of Eq. (15) furnishes two
algebraic equations for the unknowns P; and « since A, A,
and \A; are related to P, and P; by Eq. (13b). By Egs. (15b),
(13), and (14b), solution of this system of equations yields the
unknown amplitude T', the transverse deflections w;, and the -
bending moments M; of postbuckling solution. To determine
the buckling load P,,, we consider the stage immediately after
the buckling of the delaminated sandwich. At this stage, the
deflection amplitude T is small and the second-order term 4? in
the first equation of Eq. (15a) is negligible in comparison with
the remaining terms. Hence,

- Aj 2(B, — By)
A+ A T aAr+ Ay

Py (16)

Substituting Eq. (16) into the second equation of Eq. (15a), we
obtain

Ax(B; — By) [ Py
B,-B +=22—Zlp oyl ————
[ 2T T T A, ] P N tan MU — @)
P P B, — B3)?
R S W 3)]:0 172)
Az tan \a  Astan M@ a(A; + Aj)
where
- A - A
P2= 2 1s 2 1
A + A; Ay + A;
(17b)

The first term of Eq. (17a) is trivial since it can be proved to
be identical to zero by using Eq. (13¢), (A11)1(A411)2 + (411)s,
and (By); = (Bi1): + (B11);. When the compressive load
P( = Py) reaches the critical buckling load, the amplitude of
deflection I (hence ) could be arbitrary. Therefore, the coef-
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ficient of v in Eq. (17a) should be zero, which yields the
following characteristic equation for P,,:

a ka
P, =D, +D;—D)) x| = = + = =
o = D2+ Dy = Dy) [xl tan M(/ — @) A, tan Ma

A-—Kk)a [}
+ 18
As tan Aja (18a)
where
A
k=—2__
Ay + A,
(18b
xzz___P"___ xzzﬂ Xzz(l"—k)Pc'
"“"pa-p,/sy " D, 7 D;

Note that the equality [—(B; — B3)*/(A, + A3)] = Ds + Dy
— Dy, which can be derived directly from Eq. (13c), has been
used.

1V. Energy Release Rate

If thé growth of a buckled delamination is governed by a
Griffith-type criterion of a critical energy release rate, the
prediction of whether delamination will grow requires an eval-
vation of energy release rate G. By applying the previous
postbuckling solution, evaluating the total potential energy
and differentiating the result with respect to the delamination
length 2@, we may obtain an explicit expression for G. The
function G(a) can then be used to study the initiation and
stability of delamination growth.

The total potential energy II of the buckled delaminated
sandwich consists of the contributions from strain energy U
due to bending and stretching of the faces, shearing of the
core, and the potential energy — W of the external forces, i.e.,

n=v-w (19a)

where

1 !
U= Z{EE (M ky + Nyexo + QxYxz) dx}
0

(19b)
W = — 2Puy(l)

Note that the factor 2 is due to the symmetry condition consid-
ered in our problem. The expressions for M,, ., Ny, €, Ok,
and «,, can be found in the second equation of Eq. (14b); the
first equations of Eqs. (4b), (4a), and (7); and Eq. (11). An
alternate expression for W is

W= = 2{P\[u{’() - u{’(@)] + PuP(a) + Pwu(@)} (19c)

where the superscript (i) denotes the region number. By using
the postbuckling solutions given in Eqs. (13-15), the final
simplified result of the total potential energy can be expressed
as

PZ
~II=APH + 200 + 2<3 - Bl§'>1‘)\l sin \(/ — @)
1P .
+ 3 ?I‘z)\l sin 2\(/ — a) (20a)

where

o= 1/2(A2P22+A3P32—A1P12)
(20b)
8 = V2(B,P; + B3Py — B\Py)

The energy release rate G is thén calculated as

G
T 20a
A2 P2 P} @12)
=a+?‘—s—‘r2+ £ﬁ+ [B, + I cos \(/ —a)]?}

X [PA; sin M( — a)]’
where the prime (') denotes differentiation with respect to the
half delamination length a. From Eq. (15), we can also show
that

[TA; sin M — @)}’

1
= %[Fxl Sin )\1(1 - a)]2

P, P,
s 2 oz
sin? \a  sin® \3a

P, ] (21b)

" sin2 \( - a)

V. Special Cases
A. Delaminated Composite (Without Core)

The problem of delamination buckling and growth in com-
posite laminates has received a considerable amount of atten-
tion. Analytical investigation by a one-dimensional model has
been done by several researchers.?? The present results of
composite sandwiches are also applicable to the cases of com-
posite laminates (without core) by letting the terms containing
S vanish. The expressions for the postbuckling deflections and
buckling load are exactly the same as Eqgs. (13), (15), and (18)
except that A} and A? are now replaced by A} = P,/D, and
M\ = P, /D,. The energy release rate shown in Eq. (21) is then
simplified to

G = Va(A2P? + AyPE — AP

+ [T\, sin (I — @) Lie SN
! ! sin? \;a  sin? \ya
P,
S 22
sin? M (1 — a)] @2)

An algebraic expression for the energy release rate obtained by
means of the path-independent J integral has been presented
by Sallam and Simitses.® That expression looks complicated
and different from the one given in Eq. (22). However, by
careful deduction one can prove that they are exactly the
same.

B. Perfect Sandwich (Without Delamination)

By letting the delamination length 2a approach zero, the
characteristic equation for buckling load shown in Eq. (18)
can be reduced to

ime—9% - D @3)
w0 MtanN( —a) P,

The solution to Eq. (23) exists only when A\, = z//. From the
second equation of Eq. (18b) we have

Dy(x/1)?

Pcr = T Jonr v
L+ (Dy/S)=/1)?

(24)

which is a well-known solution for a perfect sandwich.! The
buckling load for a perfect sandwich may be considered as an
upper bound for the axial load capacity of a delaminated
sandwich.
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C. Thin-Film Delamination

Because the faces are relatively thinner than the depth of the
core, the delamination laid on the interface can usually be
treated as thin-film delamination. Because the delamination is
relatively slender in comparison with the whole plate, the
buckling may be initiated by local buckling of the thin delam-
ination. Since the thin layer of delamination has elastically
supported ends, the buckling load (1 ~ k)P, = XD is close to
but less than that of a fixed end plate of length 2a, i.e.,

- 47r2D3
1- k)P, = NDy < =22
(1 = KRy = D5 < 25
or
)_\3_<_7r/a
(25)
PCI'SL‘"-ZD3
11—k a?

Consider the case when A\; = n/a; the postbuckling deflection
shown in Eq. (13) can be reduced to

W= Wy = 0
(26a)
w;y = ["*[cos(nx/a) + 1]
where the amplitude I'* is related to I' by
A sin M —
T* = P_I_M_a) (26b)

)\3 sin )\30

The equilibrium and compatibility conditions obtained in Eq.
(15) can also be simplified to, by using A\; = #/a and Eq. (26b),

Py
——=T*2 4+ AP, — (A + A)P; =0
aD, 2P~ (Ax + A3)Py

(27a)
I'* = — [(B, — B)P, + (B; — B))P31/P;3

where
P, = Dy(n/a)? 27b)

Equations (27a) and (27b) yield the unknown amplitude I'*
and the required postbuckling load P; to attain the special
postbuckling deflection shown in Eq. (26). The energy release
rate given in Eq. (21) for this special postbuckling deflection
can also be reduced to

F*ZPZ P2
G =a+——3<6+3.—‘> (28)

If we consider a homogeneous orthotropic plate of thickness ¢
containing a parallel plane crack at a depth 2 from the top
surface of the plate, the previous results in Egs. (25-27) can be
shown to be exactly the same as those presented by Yin et al.?
Similar to the cases discussed in Ref. 3, a lower bound of the
ultimate load capacity is given by the combined axial load
capacity of two detached plates.

VI. Results and Discussions

In the following examples, graphite/epoxy lamina is se-
lected to construct the faces of sandwich whereas aluminum
honeycomb is used to be the core of the sandwich. The half-
length of sandwich beam / is 50 mm. The material properties
of graphite/epoxy are’ E;, = 181 GPa, E,, = 10.3 GPa, G,
=17.17 GPa, and »,, = 0.28 where E, G, and » are the Young’s
modulus, shear modulus, and Poisson’s ratio, respectively.
The subscript 1 denotes the fiber direction and the subscript 2
denotes the transverse direction. The thickness of each lamina

tpy is 0.125 mm. The reference effective transverse shear mod-
uli of aluminum honeycomb selected are G, = 0.146 GPa,
G,;, = 0.0904 GPa, and the thickness of honeycomb core ¢, is
10 mm.”

A. Core Effect on Buckling Load

The effect of core on the buckling load is usually discussed
by considering the thickness and effective transverse shear
modulus separately. However, in our formulation only one
parameter S( = cG,,) needs to be considered. An example of
[0,/90,/9,/honeycomb]; with S;=1.46 MN/m is used to
study this effect. The results are presented by the relative
buckling load P, /P where Pf, denotes the buckling load of
delaminated composite (without core). Figure 2 shows that the

9.0

a/l=0.2

¢ =10 mm, G, varies

Gzz = 0.146 Gpa, c varies
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Table 1 Effect of stacking sequence on buckling load of delaminated
sandwich [composite laminate/honeycomb]

Per /Py
a/l ss12 5522 ss32 ss4a ss552
0.2 0.2598 0.1772 0.1484 0.1476 0.1131
0.3 0.1155 0.0788 0.0660 0.0656 0.0503
0.4 0.0650 0.0431 0.0371 0.0369 0.0283
0.5 0.0416 0.0284 0.0238 0.0236 0.0181

%ss1=[0°/—-45°/45°/0°], ss2=[—45°/0°/45°/0°], ss3 = [45°/ - 45°/0°/0°],
ssd = [0°/0°/ —45°/45°], ss5 =[—45°/0°/0°/45°].
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Fig. 4 Effect of delamination length on buckling load.
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Fig. 5 Energy release rate vs applied compressive force with delami-
nation length given.

buckling load will increase when the transverse shear stiffness
S increases until it reaches a certain value and becomes a
constant, which can be explained as thin-film delamination
buckling, and is verified by Eq. (25). The solid line is under the
condition G,, = G,;, with ¢ varied whereas the dot line is
under the condition ¢ = ¢, with G, varied. It shows that no
matter how we change the transverse shear stiffness by varying
core thickness ¢ or transverse shear modulus G,,, the buckling
loads for both cases are almost the same. The difference
comes from Dy, D,, and D; in Eq. (18), which are related to
the core thickness but are independent of the transverse shear
modulus. Figure 2 also gives us a minimum value of S that
makes the buckling load of delaminated sandwich larger than
that of delaminated composite. Below this value, it may not be
a useful construction for sandwich since the core thickness
may be smaller than face thickness and the usual assumption
for sandwich listed in Sec. II may not be valid. One should
note that the special case discussed in Sec. V.A is reduced by
letting the terms containing S vanish, not by letting S be zero.

B. Face Effect on Buckling Load

To discuss the effect of face, we consider the thickness,
fiber direction, and stacking sequence of the laminated com-
posite. Before the calculation, we may expect that buckling
load will increase when the face thickness increases, or when
the fiber is oriented to the direction of load (i.e., 8 varies from
90 to 0 deg). Figure 3 verifies this expectation. A series of
composite sandwiches [4,/90/honeycomb], are used in this
case. The reference parameters are f; = 0.625 mm (i.e., n = 4),
6o = 90 deg, and @ = 0.2/; and P, is the buckling load corre-
sponding to f =f, with § =0 deg. The thickness effect is
considered by varying the number of § = 0 deg lamina, i.e.,
changing n from 0 to 4.

To study the effect of stacking sequence, we consider five
different sequences shown in Table 1 where P, represents the
buckling load of perfect composite sandwich. For different
delamination length, Table 1 shows that the buckling load of
delaminated sandwich with stacking sequence ss 1 is always the
highest one, whereas that of ss5 is always the lowest one. Since
ss1 is not the one with highest bending stiffness D;, and ss5 is
not the one with lowest bending stiffness, the effect of cou-
pling stiffness By, is revealed in this example. The order of the
buckling load shown in this table is ss1>s52>553 >s554 > 555,
which is consistent with the order of D; (or D,), not D,;. This
also means that the example considered can be approximated
by the thin-film delamination as shown in Eq. (25).

C. Effect of Delamination Length on Buckling Load

The sandwich construction [6,/90/honeycomb]; is used as
an example to study the delamination length effect on buck-
ling load. Figure 4 shows the relation between the relative
buckling load P, /P,,, and delamination length a// where P,
denotes the buckling load of perfect sandwich. As expected,
the upper bound solution is approximated by the buckling

" load of perfect sandwich shown in Eq. (24), whereas the

combined axial load of two completely detached beam repre-
sents the lower bound. Figure 4 also shows that the buckling
loads for some short delaminations are a little higher than
P, which seems unreasonable at a first glance but the same
phenomenon has been found in experiments for delaminated
composites. 718

D. Delamination Growth

The postbuckling analysis assumes that the fracture tough-
ness of the material is sufficiently large to resist the growth of
delamination. When delamination growth does occur, the ge-
ometry of the problem is irreversibly changed. However, ow-
ing to the intrinsic complexities involved, such as anisotropy,
inhomogeneity, and noncontinuity, a satisfactory, physically
meaningful, and universal delamination failure criterion has
not yet been found. Here, we assume that delamination growth
is governed by a critical total energy release rate G,. For a
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Fig. 6 Energy release rate vs delamination length with applied com-
pressive force given.

specified delamination length, the buckling load P, can be
obtained from Eq. (18), and the associated energy release rate
immediately after buckling is calculated in Eq. (21). If the
energy release rate is less than the critical value Gy, the delam-
ination will not grow and the ultimate axial load capacity Py
of the delaminated sandwich will be larger than P,,, otherwise,
Py, = P,,. However, the actual G is still unknown. For the
purpose of explaining the delamination growth, we take G, as
the critical total energy release rate of the composite laminate
used in the sandwich faces. In our examples, the sandwich is
of the type [(0,/ + 45);/honeycomb],; and the faces of sand-
wich considered are [0,/ + 45]; made of T300/5208 graphite/
epoxy whose critical value Gy = 460 J/m? (Ref. 19) and E,; =
137.9 GPa, Ey, = 14.5 GPa, G;3 = 5.9 GPa, »;; = 0.21, and
= 0.14 mm.

Figure 5 shows that, for a given delamination, the energy
release rate increases when the applied axial load increases in
which P, is the buckling load of perfect sandwich. Generally,
each curve for a fixed a// has two steep slopes. One is at the
beginning, which corresponds to the buckling load; the other
is near the end, which may be responsible for the delamination
growth. For example, if a// = 0.7, there is a threshold value
of P/P, = 0.173 below which the energy release rate is iden-
tical to zero. This means that the threshold value of P is the
buckling load P,,. The energy release rate associated with the
load immediately after buckling is approximated to 0.2G,,
which is less than the critical value G,. Hence the delamination
will not grow until the load is increased to 0.232P,, whose
energy release rate is Gy, and P, = 0.232P,, > P, = 0.173P,,,.
The same approach can be taken to find P, and P, if the
given diagram is under fixed load condition such as Fig. 6. The
corresponding postbuckling deformation for a// =0.7 is
shown in Fig. 7. Under critical buckling state, i.e., P = P,
= 0.173P,, , the deflections of both upper and lower segment
are still flat. However, a small disturbance will make the
sandwich buckle. When constant load increment 0.05P, ap-
plies, the deflection of region 3 is convex upward whereas that
of region 2 deforms a little. There are two stages that have
great jump in the deformation. One occurs near the critical
buckling stage and the other happens when P = 0.423P,,,
from which the energy release rate increases rapidly. This
phenomenon reveals that the actual Gy may be higher than the
chosen one.
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Fig. 7 Postbuckling deformation of the delaminated composite
sandwich with a/l =0.7.

VII. Conclusions

A mathematical model for the delaminated composite sand-
wich has been developed in this paper. By applying the one-di-
mensional formulations, the transverse deflection and bending
moment of the postbuckling solution are obtained. The ex-
plicit closed-form solutions of the critical buckling load and
energy release rate are also derived based on this postbuckling
result. Some special cases such as delaminated composites,
perfect sandwiches, and thin-film delaminations are used to
verify our solutions. The effects of core, face, and delamina-
tion length on the buckling load, the delamination growth,
and the ultimate axial load capacity of the delaminated com-
posite sandwiches are also discussed in this paper. The results
show the following. 1) The buckling load will increase when
the transverse shear stiffness increases until it reaches a certain
value and becomes a constant. 2) The buckling load will
increase when the face thickness increases or the fiber is ori-
ented to the direction of load. 3) The upper bound solution of
the delaminated composite sandwiches is approximated by the
buckling load of perfect sandwich whereas the combined axial
load of two completely detached beams represents the lower
bound. 4) If the energy release rate associated with the load
immediately after buckling is less than the critical energy
release rate, the delamination will not grow and the ultimate
axial load capacity P, of the delaminated composite sand-
wiches will be larger than the buckling load P.; otherwise
Py =P,.
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